An investigation of the relativistic dynamics of N + 1 spin-1 2 particles placed in an external, homogeneous magnetic field is carried out. The system can represent an atom with a fermion nucleus and N electrons. Quantum electrodynamical interactions, namely, projected Briet and magnetic interactions, are chosen to formulate the relativistic Hamiltonian. The quasi-free-particle picture is retained here. The total pseudomomentum is conserved, and its components are distinct when the total charge is zero. Therefore, the center-of-mass motion can be separated from the Hamiltonian for a neutral ͑N +1͒-fermion system, leaving behind a unitarily transformed, effective Hamiltonian H͑0͒ at zero total pseudomomentum. The latter operator represents the complete relativistic dynamics in relative coordinates while interaction is chosen through order ␣ 4 mc 2 . Each one-particle part in the effective Hamiltonian can be brought to a separable form for positive-and negative-energy states by replacing the odd operator in it through two successive unitary transformations, one due to Tsai ͓Phys. Rev. D 7, 1945 ͑1973͔͒ and the other due to Weaver ͓J. Math. Phys. 18, 306 ͑1977͔͒. Consequently, the projector changes and the interaction that involves the concerned particle also becomes free from the corresponding odd operators. When this maneuver is applied only to the nucleus, and the non-Hermitian part of the transformed interaction is removed by another unitary transformation, a familiar form of the atomic relativistic Hamiltonian H atom emerges. This operator is equivalent to H͑0͒. A good Hamiltonian for relativistic quantum chemical calculations, H Qchem , is obtained by expanding the nuclear part of the atomic Hamiltonian through order ␣ 4 mc 2 for positive-energy states. The operator H Qchem is obviously an approximation to H atom . When the same technique is used for all particles, and subsequently the non-Hermitian terms are removed by suitable unitary transformations, one obtains a Hamiltonian H T that is equivalent to H atom but is in a completely separable form. As the semidiscrete eigenvalues and eigenfunctions of the one-particle parts are known, the completely separable Hamiltonian can be used in computation. A little more effort leads to the derivation of the correct atomic Hamiltonian in the nonrelativistic limit, H nonrel . The operator H nonrel is an approximation to H T . It not only retains the relativistic and radiative effects, but also directly exhibits the phenomena of electron paramagnetic resonance and nuclear magnetic resonance.
I. INTRODUCTION
The dynamics of the constituents of an atom placed in an external uniform magnetic field is of fundamental importance as its knowledge helps one to get a basic understanding of the magnetic characteristics of materials. Naturally, this problem attracted the attention of many authors over several decades, and substantial advancements were made.
1-6 These advances have been discussed in detail in two of our earlier work in this subject, where we have investigated the relativistic dynamics of two half-spin particles in a homogeneous magnetic field. 7, 8 Both Refs. 7 and 8 are for neutral oneelectron systems. While Ref. 7 deals with unequal rest masses ͑such as the hydrogen atom͒, Ref. 8 treats the equal mass problem ͑the positronium atom͒. In each case, the relativistic Hamiltonian was formulated in three distinct forms by choosing interaction from quantum electrodynamics ͑QED͒, namely, the Bethe-Salpeter interaction, 3 the generalized Breit interaction, 1͑c͒,1͑d͒ and the projected Breit interaction. 9 The reduced Hamiltonian in the nonrelativistic limit was also derived.
Atomic structure calculations on multielectron atoms have already reached a very high level of sophistication. These calculations are in most cases based on the assumption of a faceless nucleus that provides only an external ͑often Coulombic͒ potential. Thus the origin of the Hamiltonian operator that one normally uses while the nucleus can be a spin-zero boson, a spin-half fermion, or even a spin-one boson remains fundamentally unexplained. One may, of course, include the nuclear spin-electron spin interaction as a perturbation in the treatment, as is usual in the theoretical work on nuclear magnetic resonance. This is only a makeshift ar-rangement and still incomplete from a purely theoretical point of view, as one would like to find all the types of interaction and derive them in a systematic way. In principle, one must have different valid Hamiltonian operators for varying nuclear spins. In this work we rigorously formulate one such operator that describes the internal dynamics of a neutral many-electron atom with a fermionic nucleus and placed in a homogeneous magnetic field. The nucleus contains an odd number of nucleons such that the nuclear spin is half in its ground state.
The approach adopted here rests upon a number of fundamental developments. First, one can start from a generalized version of the Hermitian part of the two-particle BetheSalpeter equation. 3 Second, the Bethe-Salpeter equation involves Casimir projection operators such that the interaction is effectively projected onto the positive-energy space, and from his work in QED, Sucher 9 showed that one may directly use the retarded interaction in the projected form. Third, the derivations by Avron et al., 10 though in the nonrelativistic context, are convenient enough to separate the center-of-mass motion of an overall electrically neutral system that is placed in a homogeneous magnetic field. Fourth, the one-particle Hamiltonian operators can be brought to a separable and diagonal form by using successive unitary transformations due to Tsai, 4 Melosh, 5 and Weaver. 6 These four developments give rise to relativistic Hamiltonian operators that are accurate through order v 2 / c 2 in interaction ͑order ␣ 2 Z 2 where ␣ is the fine-structure constant͒. Finally, one can also make use of Foldy-Wouthuysen type of transformations as advocated by Chraplyvy 11 and by Barker and Glover 12 so as to obtain a four-component Pauli equation, and because of the projected nature of interaction, one needs to carry out only a few unitary transformations of this type.
The theoretical developments outlined above together lead to the derivation of several equivalent relativistic Hamiltonian operators ͓three equivalent operators H͑0͒ , H atom , and H T , and approximate operators H Qchem and H nonrel ͔ that describe the internal dynamics of an all-fermion atom in a homogeneous magnetic field. The operator H͑0͒ describes the relative movement. The equivalent operator H atom has the nuclear recoiling dynamics as completely separable into positive-and negative-energy states. An expansion of the one-particle part for the nucleus in H atom leads to H Qchem . The Hamiltonian H T that is equivalent to H atom has the dynamics of all the particles in a separable form. The correct Hamiltonian in the nonrelativistic limit, H nonrel , is easily generated from H T . To our knowledge, this is the first time that the relativistic and nonrelativistic Hamiltonian operators for a general all-fermion atom moving in a uniform magnetic field have been rigorously derived from electrodynamical interactions, albeit in a phenomenological framework.
Stone investigated the effect of the nucleus as well as the relativistic effects in the atomic spectra. 13, 14 His approach was based on the perturbative reduction of the relativistic wave equation into a two-component form. A very careful analysis of the Zeeman effect in hydrogen was carried out by Brodsky and Parsons. 15 The magnetic part of the Hamiltonian was taken as that of a free electron and a free nucleus.
In a subsequent analysis Brodsky and Primack analyzed electromagnetic interactions in loosely bound composite systems. 16 They also examined the validity of additivity of the individual Dirac interactions. Thus most of the interactions derived in the present work are already known. Some of the nuclear-mass-dependent corrections to the Zeeman effect are not always included in quantum chemical calculations. The principal value of the present paper is to present a pedagogical, nonperturbative, derivation of the atomic relativistic Hamiltonian and to draw attention to the existence of the nuclear-mass-dependent terms that have been neglected so far. This paper is organized as follows. Section II is on the choice of the total relativistic Hamiltonian operator of the ͑N +1͒ particle system that consists of one fermion nucleus and N electrons. Interaction, although phenomenologically adopted, is chosen carefully from quantum electrodynamics by following Breit, 1͑c͒ Breit and Meyerott, 1͑d͒ Barker and Glover, 12 and Sucher. 9 Section III is on the separation of the center-of-mass motion. The dynamics of the spin-1 2 nucleus is brought to a separable form in Sec. IV. From this, we obtain in Sec. V a relativistic Hamiltonian that can justify the Hamiltonian routinely used in relativistic quantum chemical calculations. The difference between the two operators is clearly pointed out. In Sec. VI, even the one-electron Hamiltonian operators are brought to a separable form. We conclude by presenting a discussion on the nonrelativistic limit in Sec. VII.
II. HAMILTONIAN
By extending the Hermitian part of the two-particle Bethe-Salpeter equation to the case of a general ͑N +1͒ particle system one can write
The operator H stands for the total relativistic Hamiltonian for the ͑N +1͒ spin-1 / 2 particles placed in a homogeneous external magnetic field, given by
͑2͒
The prime with the summation symbol indicates that the index i varies from 2 to ͑N +1͒, and the operator h D ͑i ͉ r i ͒ is the Dirac Hamiltonian for the ith particle,
In the above, m i , i , and ano ͑i͒ are the corresponding rest mass, operator for the mechanical momentum, and the anomalous magnetic moment; B is the strength of the magnetic field that is directed along the z-axis, and ␣ i , ␤ i , and i are the respective Dirac matrices in standard representation. The last term in Eq. ͑3͒ arises from the interaction of the anomalous magnetic moment with the external magnetic field. For convenience, the symmetric gauge is adopted here, that is,
This form is to be used in i = p i − ͑q i / c͒A͑r i ͒ where q i is the charge of the ith particle. Consequently, the eigenspinors and eigenvalues of the oneparticle operator h D ͑i ͉ r i ͒ are precisely known. Following Sucher, 9 we take the interaction U as projected so that it can be used safely to all orders in perturbation theory. We also retain the ͑quasi-͒ free-particle picture because of the reasons discussed in detail in Ref. 7 , and briefly mentioned in Sec. VII. Thus we consider
where ⌳ + = ͟ i=1 N i+ , i+ being the generalized Casimir projection operator. The latter is written as
where E i is the diagonal form of h D ͑i͒ for positive energy.
The generalized Breit term U B is the sum of the Coulomb and the so-called Breit interactions, that is,
with r ij = ͉r j − r i ͉. The magnetic interaction U M is the BarkerGlover generalization of the interaction of the intrinsic magnetic moment with the external electromagnetic field, that is,
where we have used
This completes the description of the total relativistic Hamiltonian for the system. Without loss of generality, the first particle will henceforth be taken as the nucleus, and the rest N particles as electrons. The Hamiltonian H contains information of the kinematics in all the 3͑N +1͒ degrees of freedom. In particular, the center-of-mass motion is also embedded in H. The movement of the center of mass is generally not separable in an external magnetic field, but as we discuss in Sec. III, it can be separated for a neutral atom.
III. SEPARATION OF THE CENTER-OF-MASS MOTION
The canonically conjugate momentum p i and the mechanical momentum i are not constants of motion for the Dirac hamiltonian h D ͑i ͉ r i ͒. But the pseudomomentum operator, given for the ith particle by k i = p i + ͑q i / c͒A i , commutes with the same Hamiltonian as well as the projector i+ . Furthermore, k i satisfies the commutation relationship
N+1 k i commutes with it. Thus the total pseudomomentum K is a constant of motion for the Hamiltonian H. The components of K satisfy the commutation relations K
N+1 q i . These components are, therefore, distinct only in the zerocharge sector ͑Q =0͒.
A new set of independent coordinates ͑R c.m. , ͕r i Ј͖͒ is 
and for i͑2,N +1͒,
In expression ͑6͒ for U B and ͑7͒ for U M , r 1i is to be replaced by r i Ј and r ij is to be replaced by r ij Ј͑=r j Ј− r i Ј͒. Thus H and i+ 's can be written in terms of K : H ϵ H(K) and i+ ϵ i+ ͑K͒. Since K commutes with H and for a neutral atom, its components are distinct from each other, one may replace it by its eigenvalue K, as discussed by Avron et al. 10 in the nonrelativistic case. This changes the Hamiltonian H͑K͒ into the effective Hamiltonian H͑K͒ and the projectors i+ ͑K͒ and ⌳ + ͑K͒ into the reduced projectors i+ ͑K͒ and ⌳ + ͑K͒.
To remove the vector potential at the center of mass and to simplify the Hamiltonian further, we use the unitary operator 
so as to finally transform the effective Hamiltonian into an exceedingly simple form, 
where i Ј is the mechanical momentum and k i Ј is the pseudomomentum in relative coordinates:
The translational motion of the neutral ͑N +1͒-particle system can be discarded by considering the reduced Hamiltonian at zero total pseudomomentum H͑0͒ that represents the relative movement of particles,
͑12͒
In the above
with The separation of the center-of-mass motion is not easy for a many-particle Dirac equation. Relativistic invariance can be written for each particle as ␥ i i = m i c 2 that becomes comparable to Eq. ͑3͒ without the contribution from the anomalous magnetic moment. The first difficulty that one encounters is in the choice of proper times. The manyparticle wave equation is valid when there is a common time,
The usual procedure to remove the centerof-mass motion is to use a Lorentz boost from the moving frame to the center-of-mass frame. 13 In this work, we have adopted a simple generalization of what is done in the nonrelativistic case. This works, as the implicit assumption of a common time permits the use of a linear combination of space coordinates without any hassle. When the effects of the anomalous magnetic moments are neglected, Eqs. ͑8͒ would keep up the relativistic invariance. Similarly, Eqs. ͑13͒ and ͑14͒, without the anomalous contributions, preserve relativistic invariance when one introduces time dependence of the wave equation along with the condition of a zero total linear momentum.
IV. MOTION IN RELATIVE COORDINATES
The relative Hamiltonian in Eq. ͑12͒ includes tensorial operators for all the ͑N +1͒ fermions. The odd Dirac matrices for the particles must be replaced by even terms in a mathematically rigorous way so as to bring the Hamiltonian into a separable form. A successive use of the Tsai transformation and the Weaver transformation accomplishes this task. For instance, for the first particle, the Tsai transformation gives
with 1 = ͉␣ 1 · ͚Јk i ЈЌ ͉. When the Dirac matrix 1z in Eq. ͑16͒ is replaced by the Pauli spin matrix 1z and a Weaver transformation is carried out one obtains
where 064101-4 A. Misra and S. N. Datta J. Chem. Phys. 123, 064101 ͑2005͒
The 
After an explicit calculation following Ref. 7 we get
͑21͒
In the above, U Bee is the even-even part ͑Coulomb interaction͒ and U Boo is the odd-odd part ͑retarded interaction͒ of U B , and similarly U Mee , U Meo , and U Moe are the even-even, even-odd, and odd-even parts in U M ; the primed terms UЈ Boo , UЈ Moe , and UЈ Moe are independent of ␣ 1 , and ͑UЈ Moe ͒ 1j is the odd-even term with i = 1 in Eq. ͑7͒. The projector P 1 is given by P 1 = ͑͟ i Ј i+ 0 ͒ i+ T where i+ T is the projection operator,
where 
͑23͒
In the atomic case, the first particle is the nucleus with rest mass m 1 = M and charge q1=−Ze , Z = N for a neutral atom͒, and all other particles are electrons each having the rest mass m i = m e and charge qi = e.
V. THE HAMILTONIAN OF QUANTUM CHEMISTRY
The operator h T ͑1͒ can be expanded as
͑24͒
The second term represents the kinetic energy, interaction of the orbital angular momentum with the magnetic field, and the diamagnetic energy due to the recoil of the nucleus. The third one is responsible for nuclear magnetic resonance ͑NMR͒, and the fourth one gives correction to the kinetic energy of recoil. One obtains, after a detailed calculation,
where the ⌬U terms appearing from the recoil dynamics of the nucleus are given by
Relativistic dynamics in a magnetic field J. Chem. Phys. 123, 064101 ͑2005͒
Since m e / M Ӷ 10 −3 and e is also a small quantity, the recoil energy correction in ͑24͒ and most of the ⌬U contributions in ͑25͒ and ͑26͒ would be smaller than the corresponding electronic energy corrections of order v 2 / c 2 ͑or ␣ 4 mc 2 ͒ by a factor greater than 10 6 . This shows that a good Hamiltonian for relativistic quantum chemistry is
where one considers only the positive-energy states of the nucleus. The recoil kinetic energy is necessary to obtain expressions for the kinetic energy and the diamagnetic energy of each electron in the nonrelativistic limit in terms of the reduced mass m red = Mm e / ͑M + m e ͒, and the correct interaction of the orbital angular momentum of each electron with the magnetic field in terms of another reduced mass m red Ј
= Mm e / ͑M − m e ͒. Normally, however, the whole contribution of h T ͑1͒, including even the first term in the right side of ͑27͒, is neglected in relativistic quantum chemical calculations on atoms. This is because m e / M Ӷ 1. Also, the intrinsic magnetic moments are normally neglected and only U Bee and UЈ Boo are chosen. Of course, in the molecular case, the relative kinetic energy of the nuclei is duly considered in calculating the vibrational frequencies.
VI. SIMPLIFICATION OF THE ELECTRON DYNAMICS
A futher simplification can be achieved by applying the two transformations, one of the Tsai-type and the other of the Weaver-type, using the operators U ͑i,1͒ and U ͑i,2͒ , respectively, for each electron ͑i =2,… , N +1͒. The operators U ͑i,1͒
and U ͑i,2͒ are given by
The correspondingly transformed Dirac Hamiltonian operators are found as
.
͑30͒
This gives rise to the atomic Hamiltonian
which can be written as
͑32͒
where
The interaction U T is the projected form of the residual interaction
The residual interaction contains only those terms that do not become zero by the effect of the projector in ͑34͒. We get
where terms ͑2͒-͑5͒ are given by
The non-Hermitian fifth term T 5 can be removed from U res by a unitary transformation that is similar to the transformation in ͑22͒. The unitary operator to use here is
͑37͒
This yields, through order v 2 / c 2 in interaction, the Hermitian part of the residual interaction UЈ res and the transformed Hamiltonian
A detailed calculation shows UЈ res to consist of the Coulomb, Darwin, spin-orbit, Lamb shift and hyperfine interactions, and a correction term, that is,
These components are explicitly given by
Јr ij Ј of order ␣ 2 . Actually, the quantity e can be calculated from the influence of vacuum fluctuations of the electromagnetic field, and it turns out to be a /2. This is the reason for the specific interpretation by Barker and Glover who have also calculated these Lamb shift corrections for the n = 2 states of hydrogen atom ͑Table III, Ref. 12͒. 19 Nucleons have strong interactions with the vacuum fluctuation of the pion field and other fields of strongly interacting particles, which produce large corrections to the gyromagnetic ratio. Hence 1 is of the order of ͑a few multiples of͒ unity. Nevertheless, U Darwin Ј contains a factor ͑m e / M͒ 2 compared to the first part of U Darwin , and this ensures that the resulting effect of both the 1 -independent part and the 1 -dependent part in U Darwin Ј would be much smaller than the ordinary Lamb shift.
The term U correction was first obtained by Stone. 13 In fact, we find that the U spin-orbit , U spin-orbit Ј 
VII. DISCUSSION
The electrodynamical interactions used in this work are correct through order v 2 / c 2 . These give rise to singular operators such as delta functions already in second order, and higher-order interactions are generally not useful. The transformed Hamiltonian operator H T has a completely separable one-particle part. The interaction is also completely separable because it is projected and the projectors are based on the separable one-particle Hamiltonians h T ͑i͒'s ͑i =1,… , N͒. The semidiscrete eigenvalues and the corresponding eigenfunctions of the operators h T ͑i͒'s ͑for i =2,… , N͒ are precisely known, 17 and the projectors i+ T 's can be easily constructed. Although the eigenvalues of h T ͑1͒ need to be calculated, a spectrum of average values can be obtained with ease as the cross terms k iЌ Ј · k jЌ Ј are odd functions and operators, and do not contribute to the average values for bound-state solutions in the perpendicular plane. Therefore, the projector i+ T can be approximately formulated, and, in any case, one may replace it by the Casimir projection operator because m e / M Ӷ 1. In principle, antisymmetrized products of the eigenfunctions of h T ͑i͒'s for i =2,… , N can be used as bases for diagonalizing H T .
The operators h T ͑i͒'s do not include the electric field due to the nucleus. Projectors in the Furry bound-state interaction picture 21 lead to a rapid convergence in calculations. 22 The advantages of the pseudo-free-particle picture used in this work, ͑that is, the free-particle picture but the presence of the external magnetic field͒, are as follows. Firstly, the projected interaction becomes completely separable. Secondly, analytical expressions for the pseudo-free-particle projectors can be obtained in closed forms while the projectors in the Furry picture need to be truncated. Also, to the knowledge of the present authors, no one has so far found the exact analytical solutions of the central-field Zeeman problem. Thirdly, Sucher 23 showed that in contrast to the interaction associated with the Coulomb gauge photon propagator, the nonperturbative use of the interaction associated with the Feynman gauge propagator leads to energy levels which are already incorrect in order ␣ 4 mc 2 . The error is at the level of ordinary atomic fine structure.
The Hamiltonian in the nonrelativistic limit can be easily obtained by expanding the one-particle operators h T ͑i͒'s through order v 2 
͑41͒
In the above, W Sch is the Schrödinger free-particle Hamiltonian, and ⌬W Sch is a corrective term due to the nuclear recoil. The term W Epr is the interaction of the magnetic field with the total orbital angular momentum and the total spin angular momentum of the electrons and the diamagnetic interactions, while ⌬W Epr represents the interaction of the orbital angular momentum of the recoiling nucleus with the magnetic field. The part W Nmr stands for the energy of interaction of the nuclear spin magnetic moment and the magnetic field, and W rel yields the kinetic-energy corrections. These contributions, except for UЈ res that is already described in the previous section, are explicitly written as 
, ͑42͒
where L and S are the total orbital angular momentum and the total spin angular momentum of the electrons, and I is the spin angular momentum of the nucleus. The EPR and the NMR interaction terms have been derived here from the appropriate relativistic Hamiltonian for an all-fermion atom placed in a homogeneous magnetic field. The term ⌬W Epr is generally not considered in literature. Although small, its effect would be of the order of hyperfine interactions and hence must be accounted for in an accurate analysis of the EPR spectrum. Its effect should also be detected in NMR spectroscopy for a L 0 atom.
To conclude, we observe that Tsai and Weaver transformations can be systematically applied to derive the Hamiltonian H atom from which one can easily obtain the operator H Qchem . The latter can justify the Hamiltonian normally used in relativistic quantum chemical calculations. Furthermore, from H atom , it is possible to rigorously derive the equivalent Hamiltonian H T that is completely separable for individual positive-and negative-energy states of all the particles. The nonrelativistic limit of H T can be easily calculated, and from H it becomes possible to simultaneously account for electronic and magnetic resonance spectroscopies.
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